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The importance of choosing suitable tetrads for the study of exact solutions in f(T )
gravity is discussed. For any given metric, we define the concept of good tetrads as the
tetrads satisfying the field equations without constrainig the function f(T ). Employing
local Lorentz transformations, good tetrads in the context of spherical symmetry are
found for Schwarzschild-de Sitter solutions.
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1. Introduction
In gravitational physics the metric tensor is of paramount importance since it per-
mits to locally measure distances and angles, implying that any experimental result
will depend on it. Since the formulation of General Relativity (GR), the majority
of gravitational theories assume the metric gµν to encapsulate the dynamics of the
gravitational field. However an equivalent description is provided by tetrad fields
eaµ connected to the metric via gµν = e
a
µe
b
νηab. Here Latin indices refer to the lo-
cal Lorentz (tangent) space, while Greek indices refer to the spacetime itself (the
manifold). Any tedrad eaµ represents four Lorentz vectors which locally connect the
tangent space to the curved spacetime.
In gravitational theories which are preserved under both local Lorentz and dif-
feomorphism transformations, the tetrad and metric formulations are equivalent.
However if a theory is not local Lorentz invariant, different Lorentzian observers at
the same spacetime point will measure different outcomings from the same experi-
ment. This is the case of f(T ) theories of gravity.
This kind of modified gravitational theories is based on the so-called telepar-
allel equivalent of GR (TEGR), which consists in an equivalent description of GR
employing tetrads and torsion. The dynamics is determined by the torsion scalar T
which depends on the torsion tensor T σµν = ea
σ(∂µe
a
ν −∂νe
a
µ) and, multiplied by
the determinant of the tetrad, forms the Lagrangian of the theory. The Lagrangian
of TEGR is equivalent, up to a divergence term, to the GR Lagrangian and thus the
two theories are classically equivalent. Moreover T is local Lorentz invariant only
up to a divergence, which is enough to ensure that the TEGR action is invariant
under local Lorentz transformations.
The situation changes in the case of f(T ) gravity which represents theories where
the Lagrangian depends on a general function f of T . If we now perform a local
Lorentz transformation the divergence coming from T cannot become a surface term
because of the possible non-linearity of f . This implies that f(T ) gravity is a non-
local Lorentz invariant theory.1 In particular the gravitational field equations change
July 24, 2018 13:6 WSPC - Proceedings Trim Size: 9.75in x 6.5in f˙T˙˙grav
2
under local Lorentz transformations while the metric tensor remains unchanged.
2. Definition of a Good Tetrad
The situation of f(T ) gravity, and in general of any non-local Lorentz invariant the-
ory based on a tetrad formulation, suggests the following question: given a specific
metric tensor gµν , does exist a tetrad e
a
µ, solution of the f(T ) field equations, such
that the relations gµν = e
a
µe
b
νηab holds? This question gives rise to the following
definition.2
Definition. Given a metric tensor gµν , a good tedrad e
a
µ is a tetrad such that
• gµν = e
a
µe
b
νηab holds;
• eaµ is a solution of the f(T ) field equations;
• The function f(T ) can be choosen arbitrarily.
The last condition is needed for complete generality. It requires that the field equa-
tions must be satisfied for an arbitrary function f(T ) and not only for specific
models. A good tetrad selects the class of local Lorentz observers who use the met-
ric gµν to measure physical distances. The concept is of main importance when one
deals with exact solutions of the theory.
3. Schwarzschild-de Sitter Solutions
As an example we will present a good tetrad associated with the Schwarzschild-de
Sitter (SdS) metric
ds2 = eA(r)dt2 − e−A(r)dr2 − r2dΩ2 with eA(r) =
(
1−
2M
r
−
Λ
3
r2
)
, (1)
where dΩ2 = dθ2+sin2 θdφ2. There is an infinite number of possibile tetrads which
give back metric (1), namely all the tetrads connected by a local Lorentz transfor-
mation. We can thus look for a good tetrad adopting the following procedure:2,3
first we find a tetrad satisfying gµν = e
a
µe
b
νηab and then we use a local Lorentz
transformation in order to ensure that also the other requirements are satisfied.
The simplest possible tetrad related to the SdS solution is of course the diagonal
one
eaµ = diag(e
A/2, e−A/2, r, r sin θ) , (2)
where A is given in (1). Unfortunately this tetrad is not a solution of the f(T ) field
equations and even for other spherically symmetric metrics it represents a solution
only in the f ′′(T ) = 0 case4 which is against the third point of our definition.
Even if (2) is not a good tetrad we can still apply a local Lorentz transformation
to find a good one. We will concentrate on local rotations given by the transforma-
tion matrix
Λab =
(
1 0
0 R(ϕ, ϑ, ψ)
)
, (3)
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where R(ϕ, ϑ, ψ) is a three-diensional rotation characterized by the three Euler
angles ϕ, ϑ, ψ which are general functions of the spacetime coordinates. For our
scope it is enough to consider only the following values
ϕ = γ(r) , ϑ = θ − pi/2 , ψ = φ . (4)
Then under the transformation (3) the diagonal tetrad (2) changes into2
eˆµ
a = Λb
aeµ
b =


eA/2 0
0 e−A/2 sin θ cosφ
0 −r (cos θ cosφ sin γ + sinφ cos γ)
0 r sin θ (sinφ sin γ − cos θ cosφ cos γ)
0 0
e−A/2 sin θ sinφ e−A/2 cos θ
r (cosφ cos γ − cos θ sinφ sin γ) r sin θ sin γ
−r sin θ (cos θ sinφ cos γ + cosφ sin γ) r sin2 θ cos γ

 . (5)
In f(T ) gravity the particular case γ = −pi/2 was first considered for spherically
symmetric spacetimes in Ref. 4, where however was noticed that it is not a solution
of the field equations, though it helps to relax the f ′′(T ) = 0 constraint arising with
the diagonal tetrad. A good tetrad for the SdS metric can be found from (5) if one
chooses the function γ such that the torsion scalar becomes constant.2 In this case
the tetrad (5) is a solution of the field equations provided T = T0 satisfies
Λ =
1
2
(
f(T0)
f ′(T0)
− T0
)
, (6)
with T0 always gauged by the function γ. In other words for any value of Λ one can
always find a γ such that (6) is true. Note that in the TEGR case we have Λ = 0
recovering the Schwarzschild solution as required by the equivalence with GR.
4. Conclusions
The definition of good tetrads for f(T ) gravity is a useful tool when one deals with
exact solutions of the theory. Given a particular metric, it permits to define the
class of local Lorentz observers who use that metric to measure distances. In non-
local Lorentz invariant theories, such as f(T ) gravity, different Lorentz observers
will not agree on the outcomes of gravitational experiments. It is important thus to
determine the observers who employ physical metrics, such as the SdS metric, for
measurements. A good tetrad defines such observers in f(T ) gravity.
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